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A NOTE ON GAUSS' “SERIERUM SINGULARIUM" *
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1. Put
(@n=(1—a)(l —az)--- (1 —az™"), (=1,
and
m~ _ (@) m- [m -1
o (@), (@)ner 0_ m '
m~1
In connection with the evaluation of the sum ) e2=ii», Gauss [1]
§=0

proved the identity
2m 3 m .

(1) 2(~1)"[r]=(1 cx) (1= a¥) - (1—a?m1).
r=0

The proof, which is reproduced in [3; CuarTER 7] and [4; CHAPTER D]
is a verification and it is by no means evident what suggested the left
memnber of (1). Indeed the form of the left member is rather surpri-
sing when compared with the identity

é (—=1)y [771 J 2 N = (1 — ) (1 —wt) .- (1 —am1y).
o r

We wish to point out in this note that (1) can be obtained in a
more natural way using only EvLer’s identity [2, p. 278]

(=) [T —amtyt = X em@m.
0 0
Indeed in (2) replace ¢ by —t, so that

) 10+ e 07 = S(=1r o).

* Received March 1956
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If we multiply corresponding members of (2) and (3) we find that the

right side
@ m m Tm
o (B)m 12 r

~ I am eyt = S omey,,

while the left side

where
(@ = (1 — ) (1 — at) ... (1 — 2™
Consequently
2m <
2 (—1)r[2 ’m} = ($)2m=(1 —z)(1—a%) ... (1 — a2m-1y,
r=0 r (wg);n

which proves (1).
If in place of (2) we use the companion formula [2, p. 278]

@ 10+ 278) = 3 anevb e,

we get in exactly the same way

2m

6) Z(—l)"w—f)’[i”’] — (— (- 2)(L—a) e (1= 22y

1]

However (5) can be obtained from (1) by replacing = by «-! and
simplifying.

2, Gauss [1] also proved the formula

©) E') @’ [7:] ~TL+am).

=1

This can also be obtained from (2). In (2) replace ¢ by 2'2¢ and
multiply together corresponding members. We get

@

Egl‘.?aﬂw[ ]=I:](l—xm/2t)-1,
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so that

S g2 ™l l—ax)(l—2?). . (1—2m)
> [7] (1 — @) (1 = @).-- (1 — &)

=(1+ x1/2)(1’+ x) e (1 + am?),

=0
which proves (6).

3. The formulas (1) and (6) can be generalized in the following
way. Tn place of (2) we use the more general identity

(7) ﬂ:a_xjizi@’_”tm.

. 1-—amt o (2)m

Then operating on (7) exactly as in the proof of (1), we get

m=-1

(8) 2"‘ (—1) [2:1] (@), (@smr = [J (1 —22**1) (1 —a®2?).

80

Similarly, as in the proof of (6), we get

) ﬁ 272 [7:] (@) ()mer = ﬁ (1+a5%) (1 — az@-DE)

r=0 g=1

For a =20, (8) and (9) reduce to (1) and (6) respectively.
For a=a'?, they become

2m m-1

(10) 2 (—1) 2:1] ('), (@) oy = I‘I (1—a2e+1)?

(1) 2 [ ] @ (s = e

the left members of (10) and (11) can be simplified.
If n=2m+ 1 is an arbitrary odd number and we take in (8)
xr=¢*t7i" we get after a little manipulation

m-1

2m LY m—1
S (a)= Z em="(a), (a)am-r = H 27 sin ‘2—71(—"7;—+—1~) . H (1-a%e™)
0 0

r==0

(e = €27 i/n) .
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Since the first product is n'/* or ¢n!/? according as n=1 or 3(mod 4),
it follows that for |a| < 1 we have

R(Sn(a)) >0 (n=1(mod 4))
I(S.(a)) >0 (n=3(mod 4));

for a =0, (12) reduces to the familiar resalt for Gaussian sums.

(12)
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