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1. Introduction.

The aim of this article is to investigate the category of
graded algebras. The notion of internally graded algebras is due
to Cuevarry [1], [2] and that of externally graded algebras is due to
MacLaxe and others [7]. We shall exhibit here the existence of
direct and free product in the category of internally graded
algebras and also give a simple alternative construction for free
graded algebras than that given by MacLans. In § 6, we further
characterize the varieties in this category.

In the sequel A, will denote a commutative ring with an
identity. By a A-module A, we mean a left module with 1 as
the unitary operator i.e. 1.u#=u for all ueA.

By an algebra over A, we shall mean an asseciative A-alge-
bra without an identity. The free algebra has to be understood
in this sense i. e. an algebra «without identity».

By a graded A-module A with I' as its set of degrees we
mean an object consisting of a A-module A, together with a
direct sum decomposition A=23y. Ay of A into a family of
submodules (Ay)yer indexed by the set I'. If xe A, belongs to
Ay for some y, then x is called homogeneous of degree v,
clearly if x=~0, then there cannot exist more than one index 7,
such that xe Ay.

. Let M and N be graded modules over a ring A, with the
same set of degrees I' which from now on we will assume to be a
commutative additive group. Let f be a linear mapping of M -~ N.
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Let us denote by M;,N; the set of homogeneous elements of
degree y(yel') of M and N respectively. Then for any cel,
we shall say that f is homogeneous of degree o, if f(My) C Ny,
for every yel'.

Obviously if f:M — N is homogeneous of degree o and
g:N—-P is homogeneous of degree T, then fg:M—P is
homogeneous of degree ¢+ =.

A submodule N of M is called /omogeneous or graded sub-
module if it satisfies the following condition.

If xeN, then the homogeneous components of x are in N
i.e. N=23,.p(MyNnN). Clearly this decomposition defines on
N, the structure of graded module with I' as its set of degrees.

Dermarion 1.1, By a I'-graded A-algebra we shall mean a
A-algebra A together with a gradation of the underlying module
having the group I' as its set of degrees such that when x and
x' are homogeneous elements of degree y and 7 respectively,
then x4’ is homogeneous of ddgree y+4 7, i.e. Ay- Ay S Ayyy.

It is easy to see that if the graded algebra A has an idem-
potent ¢=~0, then e is homogeneous of degree 0 (0 is the
identity of I).

First if e is an idempotent, then it must belong to a homo-
geneous component, otherwise if e==3y.¢y, then e=c¢e will
lead to two different representations of e which is impossible.
Thus if eceAy; then e.ee Agy i e. ¢e Ayy and therefore
7=0 1le eely,

Dermurion 1.2, Let A and B be two graded A-algebras
having the same set of degree I', then f:A —~ B is called a
homomorphism of graded algebras, if

1) f is a linear mapping of degree zero of the module A
into the module B.

2) fxy)=f(x)f(y) for x,yeA.

Notion of monomorphisms, epimorphisms, isomorphisms etc.
are in the usual sense.
The graded algebras and their homomorphisms form a cate-

gory which we shall denote by ¢,. (The category of I' graded
A-algebras).
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Dermvition 1.3, If A is a graded algebra and B a subal-
gebra of A, then we call B a graded subalgebra il it is a graded
submodule of A. It is clear that B has become a graded algebra
when equipped with the gradation of A.

Immediately one notes that if A and B are two I'-graded
A-algebra and f:A — B be a homomorphism of graded algebras,
then f(A) is a graded subalgebra of B.

Derivition 1.4. By a graded ideal ] of a graded algebra A
we shall understand that J is an ideal of the graded algebra A
(two sided) and furthermore ] is a graded submodule of A.

Prorposition 1. 5.  The intersection of any family of graded ideal
is a graded ideal.

For (L1 be a family of graded ideals of A, then [ L; is
iel
an ideal in A. We need to check that () L; is a graded sub-
iel
module of A. If xeNL:< A, where A=23y.pAy (direct) then
x==Yy.pxy and xyeL; for each 7, since each L; is graded; i.e.
xyeNL;. Thus NL; is a graded submodule.

It is interesting to note here, that if S is any set, then the
intersection of all graded ideals containing S is again a graded
ideal containing. S, and we call this the ideal generated by S.
In this case the ideal ] generated by S has at least two system
of generators one non homogeneous as ideal, namely S and
another homogeneous set of generators as graded ideal which
we shall denote by /%(]); the existence of this is both necessary
and sufficient for ] to be graded [[1], theorem 4, p. 150].

2. Existence of direct product.

Let (A?).1 be a family of graded algebrasin L. Then their
cartesian product JJ A¢ is an algebra.
iel
Now if the underlying graded module structure of each Af
is given by

A= Zyer Aj (direct),
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then the product J[ A% is obviously a submodule of IIA‘.
fel . fel
Again the sum K= 3y, (1 A)) is a sumbodule and as easily seen,
this sum is direct having I' as its set of degrees. Now this is a
subalgebra under the induced multiplication from ITAf. This
subalgebra is thus a graded algebra, where the homogeneous
elements of degree I' are those of J] Ay. We shall check that
fel
K is the direct product from the category theoretic view point
[5] of the graded algebras A’. To see this we denote by =} the

restriction of the natural projection =;:I1 A’ A’ (which is an
algebra homomorphism) to K then =& is a graded algebra homo-

morphism. Again if f;:C — Af(Ce¢l) be a family of homomor-
phisms of graded algebras, then the map f:C - K defined by
f©)=2yep[fi(e\)lie1 where ¢=Zy.pcyeC, is the unique graded
algebra homomorphism making the diagram

R
K At
~
S
I
C

commutative. This is an example where the direct product from
the category theoretic view point do not coincide with the direct
product in the usual sense.

3. Free product in &\ .

Let an arbitrary family of I'-graded A-algebras (Af);.1 be
given. By a word we shall mean an ordered system of elements

1) W= (ag ay--- a)

where the length # X 1; every a; is an element other than zero
element of A?; any two adjacent elements a,,a:;; belong to
different Af. If one of thé component is zero, we shall denote
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w by w, and call it a zero word. We identify the zero element
of every algebra with w,.

Now we consider the set of all words @. We make it a
groupoid by introducing a binary operation of multiplication
as follows

If w=(a;---@,) is another word then we define its product
with » as

ww = (@ - @) (@1 Q)
==(al...a”aq...agg

If a,a’; belongs to same Af, then a,d;=a, and

WW =ay - Bu_1 Ea’g coe @y
i. e. to obtain the product we write these words in juxtraposition
and contract once if necessary. Obviously wwy=w,. It is easy
to check the associative law for multiplication [6], so that @ is
infact a semi group.
Now in the set Q, we pick up the homogeneous words
wy=a, - as, , Where a; €Al ; and each A’ has the direct

sum decomposition Af= ), Afh., such that y,+y+ -+ 7.=7.
7,6l
We denote this subset by @y. We also assume that ey
for each 7.
Immediately we have

Lemma 3.1. If weQy, and w'eQy, then ww'eQypyp.

Proor. We note that J(ww') £ I(w)-+/(w'), where /(w)
=length of w. If J(ww')=/(w)+ /(w), this iso bvious. Again
if J(ww')£ [(w)+ {(w') which occurs only when the last letter
of w and the first letter of ' are from the same algebra A’;
then A’ being graded, we again have ww'eQy y.

Next we consider the free A-module F on @, and introduce
a multiplication in F, as follows, for xeF,yeF; we have

r= 1w, y=2)§,ﬁ’)w’; i, e A
we we )

and is equal to zero except for a finite number. Then we define
xy::Z)\Ef) W2 (ww'), where ww' is defined in @ as above.
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This multiplication is associative, since the multiplication
in Q is associative, and also distributive; further this makes F
an algebra, which we call the free product of graded algebras
A?, and we denote this by F="*1 A",

Next we identify the elements a;e¢ A’ say with the word,
(@:) of length 1. Then by definition of the productin @, we have

w=(ayay -+ a,)=(ay) (@) -+ (@) =a,ay - a,

Lemua 3.2, Every word weQ, is a sum of homogencous
words.

Proor. Let w=(a,---a,), a;e A*.
Then a1=Z“17 for Al= 3y, Alf; so in view of the

Tel
above observation

a1=(a1)=2(a1.‘,)eF being the sum of homogeneous words of
Tel’
length 1, of the form (@1y) for yeI' with coefficient 1 from A.

Now from the definition of multiplication

W= (@ -+ ay) = (@) (ag) - (@)

= Z (al'y) Z (QQY') Tt Z (a”Y)

YeD Tel? ?e I

= 2 (a1y) (427:)"'(any)= 2 A1y Az A

Ty Y Y+ 4. T

Now the word A1y By -+ Ay € Qypyy. .47 in view of lemma
3.1. Hence we have lemma 3. 2.

Next we denote by Fy the submodule of ¥ spanned by Q.
Then by lemma 3. 2. F=ZF7 is the decomposition of F as

Ter
the direct sum of submodules Fy.

Any element of F has a unique representation

x=2)ww=2( Z le),RGA

we () Yer Wy EQy

and is zero except for a finite number. Using lemma 3. 1., one
can show that Fyy CFyiy. Thus the free product F is infact
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a graded algebra. The natural inclusion p;:A?—F is a homo-
morphism of graded algebra for each 7. Nextif fitA’—~ X be a
family of graded algebra homomorphism of A into Xe¢y. Then
there exist a unique homomorphism f:F — X, such that
the diagram

s

Al F=*I1A;

)
commutes.

This f is defined by f(w)=/f1(a)) --- fu(as), for w=(a --- a.)
from Q — X which extends immediately into the module homo-
morphism F — X, and therefore to an algebra homomorphism;
since fww)=f(w) f@'). If wyeFyCF, then we have

flog=f( B )= 3 S,

wl-r € Q:Y wl,\{ € Q‘Y

X

where 'y is of the form a, @y, O, y=n+t7ret -+
- ”n
and a; is homogeneous element of degree 7, in A‘.
L

Now f(wy)=]1/i(as), /i being graded algebra homomor-

phism preserves the degree and since Xe o y f(wy) has the same
degree as wy; there exists at most one such f.

4. Free graded Algebra.

MacLane [7] defines a free graded Algebra as follows; let S
be a set. Now we attach a degree to each element of S, arbitra-
rily from the commutative additive group I' then we call S, a
graded set.

Now if S is a graded set, we say a I'-graded Algebra F
over A, together with a grading preserving map ¥:S~F, a
free graded algebra over S, if the following condition is satisfied.

Given any grading preserving map ® of S into an algebra
A egl, then there exists a unique graded algebra homomorphism
f:F > A, such that the diagram
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¥
S

®3) f

A

commutes.

Briefly we underline a construction of free graded algebras
on S which is more simple then done by MacLaxk [7] for exter-
nally graded algebras.

We consider the free A-algebra (F,¥) over S which we
know already exists. Then by definition of the free algebra the
set {y* =W (xy)--- ¥(wy,)| where x,, are elements of S with
attached degree y, from I' and ¥(xy)... ¥ (xy) is a finite com-
posite of length # form a basis of F as a module over A. Now
from this we pick up the sub set of all elements =" (xy,) -
¥(xy,)} where 7=y, 4y, -- -4y, el We denote by Fy the
module spanned by this subset. Then F is a direct sum

F =3 Fy such that ¥ is a grading preserving map. Evidently

Ter
Fy.Fy € Fy4v, because the length of the composite = sum of
the length of the components.

This (F,Y¥) is afree graded algebra. For if ® is any grading
preserving function of S into a graded algebra A, then the
unique algebra homomorphism F — A which exists in view of
F being iree, and makes the diagram (8) commutative is in fact
a graded algebra homomorphism.

Cororrary (1). Given any T-graded A-algebra A, 3 a free
graded algebra ¥, with an epimorphism F — A -0 of graded
algedras.

Proor. We denote by %(A), the homogeneous elements of
the algebra A, then the free algebra on the graded set /4(A)
will have the requlred préperty

CororLary (2). If (F,4) is the free graded algebra on the
graded set {x,;t}fli‘:f and (Fi), i) is the free graded algebra on the

graded singleton {x;l’ {y then for the free product *NF;;F =II*F;,.
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5. Projective graded Algebras.

Dermution 5.1, A graded algebra is said to be projective if
every diagram of graded algebras and graded algebra homomor-
phisms

A

!

c————-B——0

in which the row is exact can be completed to a commutative
diagram, of graded algebras and graded algebra homomorphism,

As usual one obtains

Turoren 5. 2. (i) The free product 1* A* of graded algebras
A® is projective if and only if A® is projective for all a.
(i) A free graded algebra (F,1) s projective.

Proor. The proofs are straight forward.

DermiTioN 5.3. We call a graded subalgebra B of a graded
algebra A, a graded rectract, if B=image of g, where g is
an idempotent graded algebra endomorphism of A; As in the
module theory we again have

Tueorew 5.3. (1) A graded retract of a projective graded al-
gebra is projective.

(ii) Every projective graded algebra is isomorphic lo a graded
retract of a free graded algebra.
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Dernurioy 5.4, Let A be T-graded; A coordinate system
for A is a set I, agraded set {a;}zjf of elements of A indexed

by a set J, and a family of elements {9:4ie1 of Hom, (A, A), the
module of all linear mappings of A into A (considered as mo-
dule), such that

t) for aeA, |iel, such that ¢: (@) #0 is finite|
) for aeA, a=27§1rq)l.(a) yi(’.) where £2:1 - K

z

is a mapping and K consists of all finite sequences of elements
of J, such that

yf;(i):a%f, asq... a;m ..« Wwhere 7’ +}/’+ +7///... =y
and £(/)=(«,B,..-¢). [We note that K is in fact a semigroup].
As in module theory, one obtains

Tueorew 5.4. A4 graded algebra A is projective if and only
if there exists a coordinate system for A.

Proof follows using Theorem 5. 3. (¢) and Theorem 5. 2. (i)
for the Ist part, second part is obvious.

6. Varieties of graded algebras.

The theory of graded algebras was important because every
algebra is in fact a graded algebra with trivial gradation. In this
section we study varieties of graded algebras and generalize
Fronricn’s work on groupes over d. g. near rings to graded alge-
bras [4]. In the sequel we shall denote by hom! (A, B), the set
of all graded algebra homomorphism from A to B, also ¢ will
denote a subcategory of &%.

DzrmviTion 6.1, A graded algebra P will be called projective
Jor &, if every diagram
P

G—

C——B———0
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of graded algebra homomorphisms with the row exact and with
C,Be¢ can be completed to a commutative diagram in §X,

P

C B 0.

If in addition Pe ¢, we shall say that P is &-projective.

DeriniTiON 6.2. A free basis for ¢ (free ©-basis) in a gra-
ded algebra F is a graded set S of F, such that for every
graded algebra Ae® and for every grading preserving map
¢’:S - A, there exists a unique graded algebra homomorphism
¢:F - A, extending ¢/. If F has a free ¢-basis, then F is free
for ¢ . Again if further Fe@, we call F, ¢-free.

We shall consider subfunctor and quotient functor of a cova-

riant functor from &% * in the sense of Eiwensere & MacLane [3].

If G is a covariant functor of ¢{ and if the algebra G(A)
is always a graded subalgebra of F(A) and if G(a) is given by
the restriction of F(«) to G(A), then we call G a subfunctor
of F. If moreover G(A) is always a graded ideal of F(A), then
G is called a normal subfunctor of F. In the later case the
quotient graded algebra F(A)/G (A) defines in the natural
manner a quotient functor F/G. To define a subfunctor G of
F, it will suffice to specify the graded subalgebras G(A) of
F(A), provided it can be verified that for a graded algebra
homomorphism «:A — B, F(«) maps G(A)—~ G(B).

Let G;,G, be normal subfunctors of F, and we put

() Gy+ Go(A)=G;(A) + Gy(A) i. e. the ideal generated
by the 4(G;(A))U%(Gg(A)) where 4(G) has meaning
as in proposition 1. 5.

* We prefer not to specify the co domain category. The reades may take
it as another category gj[\;, though our interest lies in functors taking values
again in g}‘ From the definition it is clear that the property of preserving

monomorphisms (epimorphisms) is inherited by subfunctors (quotient
functors).
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(@) GiNGy(A)=G,(A)NGy(A)

(1) Gy Gy(A)= Gi(A)Gy(A)

() [Gi,Gg] A=Gy (A) Gy (A)+ Gy (A) Gy (A), sum being
defined as in (v).

Proposition 6.3. G;+ Gy, G;NGy, G; Gy, (G, Gg] are all
normal subfunctors of F .

Dervrion 6.4, A full subcategory € of ¢ is called a va-
riety if
() f:A—~B an epimorphism of graded algebras Aee
=Be¢ (Q-closed)

() f:B—> A a monomorphism of graded algebras Ae@
=Bee (S-closed).

(1#7) For an indexed set of graded algebras {A"] of e, the
direct product ITA*ee (O-closed). [§ 2].

As a trivial example we consider all algebras as a graded
algebras by attaching degree 0 to each of its element Oel is
the identity element of I) then the algebras form a variety @

of ¢, Again in the category of algebras, the modules form a
variety with trivial multiplication.

Dermarion 6.5. A covariant functor V of ¢\ is called a
variety functor
(1) if V is normal subfunctor of the identity functor I,

(#1) 'V preserves epimorphisms.

Provosition 6. 6. If V,Vy are variety functors, then so are
Vi+ Vg, (V1,Vy) and V,V,.

Proof is immediate using proposition 6. 3.
Analogus to the groups over near rings, we have.

Prorostrion 6.7. A normal subfunctor V of 1 is a variety
Sunctor if and only if the quotient functor 1/V is right exact

The biunique correspondence between varieties and variety
functors go over to @) in the following form.
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Tusorem 6.8. (i) If V is variety functor, then the graded
algebras A, with V(A)=0 form a variety Cv.

(i) If € is a variety, then every graded algebra A has a mi-
nimal graded ideal V (A) such that AV (A)e@. Theseideals deter-
mines a subfunctor Ng of 1 and this is a variety functor.

(iil) V=Vy=e=¢y.

To check that @ is S-closed and Q-closed is easy. Now
let A be the direct product of the family (Af);1 of graded alge-
bras e€y. Then A=3y.p (Il Al)ie1 with the projections Y A=A
[Note A’=Sy.yA}]. By hypothesis VI17) is null for all i.
But V([I}) is the restriction of 0¥ to V(A). Hence V(A)C
NKer 7c$=0=>V(A)=O i.e. Aetdy.

So ¢y is a variety.

() Suppose € is a variety, for every graded algebra A,
let V(A) be the intersection of all graded ideals J, such that
A/J,e¢. Then V(A) is a graded ideal of A. That V(A) is
minimal and epifunctorial is easy to verify.

(#4) 1is easy to check.

Using the fact that every algebra Ae gi has a representation by

an exact sequence F — A -0 where F is @' free, we get for an
q A ) g Yy

variety €, with associated variety functor V, the

Prorosition 6.9. (1) The € free algebras A, are precisely
those algebras which have a representation by an exact sequence

0> V(E) >F—~A—~0 where F is G -free.

(i) The algebras A in @, are precisely those, which have a
representation by an exact sequense

Fo>A—0 where F is e-free.

(iil) The e-projective algebras are isomorphic fo the graded
retracts of ©-free algebras.

We are content to leave the proof for the reader.
By Proposition 6.9 the variety ¢ is completely determined

by the algebras V(F) where F is 9}\ free. We proceed now to
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check that the classical characterisation of varieties interms of
fully invariant subgroups can be carried over.

Derivition 6.10. A graded ideal JE A iscalled a fully inva-
riant graded ideal, if it is mapped into itself under all graded
algebra endomorphisms of A.

Prorosition 6.11. (i) If 'V is a variety functor and Aegz,
then V(A) is fully invariant graded ideal of A .

() A fully invariant graded ideal J of a g\ -projective
graded algebra A, determines a variety €, by the law Bec, if
J<SKera for all aehom};(A,B). Also J=V4(A).

The proofs are straight forward.

ExampLEs oF varieTiEs: Let 6% be the category of Z-graded
A-algebras, where Z is the ring of integers.
Then any Aeg% has the form

A=NA,.

-

We take
() @ =[Aeg; |A,=0 forall n
(@) G={Aegl |Av=0 forall <0
(@) G={Aegy |A,=0 forall -0
(o) &={[AleGi|A,=0 for n=0].
Then ¢, &, &, ¢ are varieties.

() In gy, let us consider any subset 3 of I', then the
graded algebras €= {A|A,=0 for ce2} form a variety.
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7. Covarielies.

Dual concept of a variety is that of a covariety.

Dermvrion 7.1, A full subcategory & of G} is called a cova-
riety if it satisfies closure property (3), (#), in definition 6.4 for ¥
with the additional condition

(5ii) The free product I*AF of a family of indexed set
algebras A* from &, liesin &.

Derinitiox 7.92. A covariant functor F of Q}X is called a
covariely functor if

() F is a subfunctor of I.
(/i) Whenever a:B - A is a monomorphism in &, then
image of F(a)=1Image aNF(A).

The covariety functor satisfies the dual law of 6.7.
Proposition 7.3. A covariety functor is left exact.
Mirror image of proposition 6. 8. will be,

Prorpostriox 7.4. () If F is a covariety functor, then the
graded algebras A, with F(A)=A form a covariety Fr¥,

(i) If ¥ is a covariety, then every algebra A has a unique
maximal graded subalgebra F7¥(A) lying in &. These subalgebras

F¥(A) define a subfunctor ¥F of 1, and this is a covariety funcior.
(i) Fe FFo&=5".

ExAMPLES OF COVARIETIES &

In ¢%,

(¢) F={A|A,=0 for all #j
() FH={A|A,=0 for n50}.

Then & and &, are covarieties. We note, the intersection of
varieties and covarieties could be nonempty as in example (2), (#).
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Added in Proor: Since this paper was written long time ago (1966),

various generalizations of these concepts in terms of categories was done by
the authors and others. However it still contains many original and interes-
ting results.



