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Introduction. From the work of Cecu [1] and Stone [4] it
is known that if Y is a compactification of X then cardinal
Y=|Y|<<|BX] and |Y\X|<<|EX\X| where BX is the
Stone-Cecn compactification of X. In a sense, more points must
be “added” to X to get 8X than to obtain any other compacti-
fication of X and in case X =N, the countably infinite discrete
space, |8 X|=2° where ¢ is the power of the continuum. In the
construction of X by Giiiwman and Jerison [2] the points of
BXN\X are the iree ultrafilters from Z (X)==the lattice of zero
sets of X. In this paper we show that for any cardinal number
« there is a topological space X such that [BX\NX|=ua. Equi-
valently, there are « free ultrafilters from Z(X). Call a space
S a residue of X if there is a compactification Y of X such
that YN X=S. We show that every compact separable Haus-
DORFF space is a residue of N from which it follows that every
such is a continuous image of SN\ N and has cardinal at
most 2¢,

Define Y a compactification of X if Y isa compact Haus-
Dorrr space and X is dense in Y. Necessarily X is completely
regular and T,. Let C*(X) be the collection of bounded real-
-valued continuous functions defined on X and say X is
C*-embedded in Y in case every feC*(X) has a continuous
extension to Y. Define Y an a-poin? compactification of X in
case [Y\X|=«. The unit interval, [0, 1}, isan X;-point com-
pactification of the irrationals in [0,1]. Hausporrr [3] showed that
BN is a 2¢point compactification of N, i. e, the power set of
N, which is Z(N), contains 2¢ free ultrafilters.

(1) Received January, 1970.



134 FRANK KOST

We state two properties of 8X:

1) B8X is the compactification of X in which X is C*-em-
bedded, i. e., if Y is a compactification of X in which X is
C*-embedded then Y and $ X are homeomorphic by a map that
leaves X pointwise fixed.

9) If f isa continuous functiom from X to Y, Y compact,
then f has a continuous extension to $X. In particular, if Y
is a compactification of X then the identity function 7:X~X

extends to 7:2X—Y onto and as a result | YN\ X|<<|BXN\X].

Let W be the space of ordinal numbers strictly less than
the first uncountable one, @, with the order topology. Every
feC(W) is constant on a tail of W as is well known.

Turorem 1. For every cardinal number o there is a completely
regular, Ty space X such that BX is an a-point compactification
of X.

Proor. Take « infinite. Let W =all ordinal numbers less
than the 1%t uncountable one, which is @, with the order
topology.

Let W*=W J{Q} and take Y to be the discrete space of
cardinal « and Y* its 1-pt. compactification. Y* =Y U {eo}.

Set X=Wx<Y*. I claim BX is obtained by adding {Q}><Y
to X, or by the diagram, adding the right edge.

o] (xo,oo) (Q ) °°)
v + {
- 2
i
'.

Y* IT e (Q )y)

i
1
. . °
%y x| 1
W Q

To do this take feC*(X) and extend / continuously to
W#*><Y*. For yeY, Wx<{y}=W soon Wx<|y{, f is cons-

tant on a tail: define f(Q,y) =¢,, this constant. In particular
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tor y=1oo set f(Q,oo)zcw. It is easy to see f is continuous
at (2, y) for ys=co. Take O open in the Reals, f(Q,y)_—_cyeO.
Pick «e W with (2,913 {5} on the tail of W< {y} which f
takes to ¢,. Since {y| is openin Y, (z,Q]><{y} is an open set
in W*><Y* containing the point (Q,y) and f((a,Q]X{y})
= {6,c 0. We have extended f continuously to W*3<Y*
\f(Q,oo)g. R N

To prove f is continuous at (2,c) where J(Q,00)=¢c
take 0 open in the Reals, f(Q,oo)=cw e0. We want to find G
open in W*XY* (Q,x)eG and f(G)CO. Assume no G
exists,Athat is, for every G open, (2,)eG there is (g1,89¢G
with 7 (g1,£0)¢0.

First, pick x;e W such that f((xn,Q]X{oo})=cw. Now
take an open set (xg,Q]><A containing (Q,«). Now Y*\CA is
finite so there must be (x,5)e(x;, Q]>< A with f(x,,y1)¢0.
Next take (%,Q]> A; open, containing (2, ) with ¢ A
There must be (xg, )€ (%, Q><A; with f(x;,)¢0. Note:
i Xy Y1 ya, % < .

Note: I prefer to keep off the right edge [i. e, ¥ =0 or
Xg=Q] so if xy=0 just move it off the edge to a point (x5, ¥,)
which is on the tail of W< |{y,] that f takes to €y,. SO we
still have f(«y, y0)¢0 with (5, y5)e (%, Q] > A,

Continuing inductively obtain a sequence <(x;, ¥;)>72q,
distinct and 7= ; implies ;= x; and yigFy;. Also i<
implies #; <x;, {547, is an infinite set. As a result <x:>7
=supx;i=x<Q and <9,>,— . Therefore <(Xiy ) >7

= (x,00) and since feC(X) we have < f (X, ) > = f(x, )
=¢,€0 [%<x] which contradicts our assumption that J(xi, 9)¢0
for every ¢. Therefore feC*(W* > Y*) and flx=F and X is
C*-embedded in the compact, Ty-space W*><Y*. By uniqueness
of BX get LX=W?*xY*.

For a a finite cardinal let X =W <Y where Y is the dis-
crete space with cardinal «.

Consider [0,1]><{0]=[0,1]. We now exhibit a compac-
tification Y of N such that YN\ N=[0,1]. For #neN define

An={<; ,%):keN, 13/@32"_1} and notice that | ] A,=N.

n=]

Set Y=(U An>U[(),1] which is a ¢-point compactification
1
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of N. In the study of residues of N we found a large class of
spaces that are residues. This class contains the compact metric
spaces.

Tusorem 2. If X is a compact separable T, space then X is
a residue of N.

Proor. Consider X><[0,1] and embed X in this space as
X< {0}. Let D= {p;, 2, -} be a countable dense subspace

of X. Define for neN, A”={<Plr%>»<P2;%>,~--,<ﬁn,%>}..

A . 1 * .

(;LAIM. N= Ql A, . To see this take <p,~,—n—>e U1 A, (G<m).

We can find O open, in X, g:;€0, p;¢0 for jFi, 1<j=n.
1

Now <ﬁ;,-n—>60><<i—e,%+6> for every ¢ and O><<—3:;—s,

n

1 ) . * -
- + e> contains no number of [ J A for sufficiently small «.

n=1

L e <;§,~,%> isolated in | ] An.

n=1

Cram. | A, 2D ><1{0}. For (pi,0)e 0/ =0,><0, open, pick

n=1
7 large enough so that 1/je0, and i=j. Asa result <p,~,i_> e0,
J

<p,-,l_> e Au- Therefore | j A«2D, D=X and <U A”>UX
J

n=1 n=1

n=1
is a compactification of N.

Define a space X to be residue complete if it has an a«-point
compactification for every 1 <a<<|BX\X]|. The rational num-
bers in [0,1] are not residue complete as they have no n-point
compactification for finite # and no ¥g-point compactification.
In fact a non-locally compact space is not residue complete as
it has no #-point compactification for finite #. The space N is
residue complete, its residues including the one-point compacti-
fication of the discrete space of cardinal ¢, [0,1] and of course
AN\ N. R=real numbers with the usual topology has no
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n-point compactification for » > 2, » finite. It would be interes-
ting to know which spaces are residue complete. In particular
which discrete spaces are. The difficulty would be in exhibiting

an «-point compactification of discrete X where o=2%1
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